Cellular solids are usually treated as homogeneous continuums with effective properties. Nevertheless, these mechanical properties depend strongly on the ratio of the specimen size to the cell size. These size effects may be accounted for according to preliminary static analysis of effective continuums based on couple-stress theory. In this paper an effective dynamic continuum model, based on couple-stress theory, is proposed to analyze the behavior of free vibrations of periodic cellular solids. In this continuum model, the effective mechanical constants of the effective continuum are deduced by an equivalent energy method. The cellular solid structure is then replaced with the equivalent couple-stress continuum with same overall dimension and shape. Moreover, the finite element formulation of the couple-stress continuum for the generalized eigenvalue analysis is developed to implement the free vibration analysis. The eigenfrequencies of the effective continuum are then obtained via the shear beam theory or the finite element method. A conventional finite element analysis by discretizing each cell of the cellular solids is also carried out to serve as an exact solution. Several structural cases are calculated to demonstrate the accuracy and effectiveness of the proposed continuum model. Good agreement on structural eigenfrequencies between the effective continuum solutions and the exact solutions shows that the proposed continuum model can accurately simulate the dynamic behavior of the cellular solids.
Introduction
Cellular solids, such as metal foams, lattice truss materials and grid materials, are usually treated as homogeneous continuums with effective properties to simplify the analysis (Gibson and Ashby, 1997; Ashby et al., 2000) . The primary purpose of such a model is to obtain the constitutive constants which depend on the effective density, the topology and even the size of the cell structure of the cellular solids. Generally, the unit cells in cellular solids are periodic. Moreover, if the unit cell is centrosymmetric, the effective continuum exhibits orthotropy. The properties of the effective continuum can be determined by tests. However, the classical homogenization method neglecting the gradient behavior of deformation is a cost-effective way to obtain these effective properties. The gradient behavior of deformation due to the material heterogeneity can be overlooked if the structural size is much larger than the cell structure of the cellular solids. Hence, the classical continuum model shows a high degree of accuracy in many situations. Up to now, several models have been proposed to determine the effective mechanical properties of cellular solids, such as elastic, plastic, buckling and thermal conductivity (Lakes, 1986; Gibson and Ashby, 1997; Deshpande et al., 2001; Wang and McDowell, 2004) . More detailed work can also be referred in (Banerjee and Bhaskar, 2005) and references therein.
However, the effective mechanical properties of cellular solids show size-dependence if the dimension of a specimen or a structure is in a close order to the cell size. This behavior is called ''size effects'' in the literature (Onck et al., 2001; Tekoglu and Onck, 2008) . Note that the local structural size may be in cell's order because the structure often has holes or other local sub-structures even if its global structural size is large. For example, a cellular beam or plate may have only several cells in its thickness direction with its length far larger than the cell size. The effective bending properties of such a structure exhibit size effects (Burgueno et al., 2005; Dai and Zhang, 2008; Tekoglu and Onck, 2008; Liu and Su, 2009; Su and Liu, 2010) . It has been shown that this type of size effects can be predicted by the higher order theories, such as couple-stress theory, micropolar theory and strain gradient theory (Bigoni and Drugan, 2007; Liu and Su, 2009) . Among these theories, the couple-stress theory (Mindlin, 1963) micropolar theory (Eringen, 1966) , introduce additional rotational degrees of freedom besides the translational ones of particles, and contain intrinsic length scales in the constitutive relations. Hence, they can capture the higher order information of cell structures. Based upon this type of theories, the size effects of cellular solids in statics have been investigated in recent years (Tekoglu and Onck, 2008; Liu and Su, 2009) .
Size effects are also found in the dynamic effective properties of cellular solids. Theoretically, the flexural vibration should also be size-dependent since the bending vibration is actually a timedependent bending procedure. Similar to the static analysis of cellular solids, the size effects in dynamics can also be evaluated by higher order theories. In a related earlier work, Noor and Nemeth (1980) studied the eigenfrequencies and eigenmodes of a one-layer grid beam using micropolar theory and obtained accurate results. Banerjee and Bhaskar (2009) found that the eigenfrequencies of a cellular beam depend on the size ratio of the beam thickness to the cell length. They concluded that the classical effective continuum model can accurately simulate the real cellular beam's dynamic behavior only when the beam thickness is much larger than the cell size.
Although there are many researches on statics of cellular solids, the study on dynamics of cellular solids didn't receive relatively enough attention in the past (Baker et al., 1998; Wang and Stronge, 2001; Bhaskar, 2005, 2009) . Note that Wang and Stronge (2001) investigated, by the use of micropolar theory, the dynamic responses of a regular hexagonal honeycomb. The object considered was treated as an infinite body (half-space) subjected to a harmonic concentrated force; and an analytically closed-form solution was presented. Nevertheless, for general elastic solids with finite region and/or complex cellular forms, it is difficult or impossible to obtain analytical solutions on the vibration problems. Moreover, the size effects become more important for finite size cellular solid structures. Hence, it is necessary to carry out further analysis on the dynamics of cellular solids by using numerical methods, such as Finite Element Method (FEM), based on the higher order continuum model.
In this paper, an effective continuum model based on couplestress theory was proposed to study the free vibration behavior of cellular solid structures with finite size. The effective mechanical constants of cellular solids were firstly determined by the proposed effective continuum model. The eigenfrequencies of cellular structures were calculated using the proper beam theory or the FEM formulation of the effective couple-stress continuum. A conventional FEM analysis by discretizing each cell member of cellular solid was also carried out to serve as an exact solution to verify the accuracy of the proposed effective continuum model. Good agreement on structural eigenfrequencies between the continuum solutions and the exact solutions was found.
Effective couple-stress continuum model

Couple-stress theory
For a body in planar stress state, its displacement field can be given by u = (u, v,0)
T and / = (0, 0, /)
T . To simplify the analysis, it is assumed that there is no body force and body couple acting on the body, and damping within the body can be neglected. Accordingly, couple-stress theory yields the following governing differential equations of motion (Mindlin, 1963) .
where r x , r y , s xy , and s yx are the stress tensor components and m xz , m yz the couple-stress tensor components (Fig. 1 The symmetric part of the shear stress produces the usual shear strain while the anti-symmetric part tends to produce a local rigid rotation. For orthotropic solids, the constitutive equation can be expressed as follows. 
or in a compact form
Consequently, the strain components e x , e x and c xy , as well as the curvature components j xz and j yz are defined as follows.
Note that the rotations are not independent but, rather, fully described by the displacement vectors in couple-stress theory.
A crucial parameter in couple-stress theory is the characteristic length. This parameter describes the influence of couple-stress effects of the material. For orthotropic materials, there are four characteristic lengths (Bouyge et al., 2002; Liu and Su, 2009) .
where
Note that the characteristic lengths vanish in the classical continuum. 
Effective couple-stress continuum model
To analyze the free vibration of cellular solids based on the effective continuum model, it is necessary to determine the effective mechanical constants, including the effective constitutive constants, the effective density and micro-moment of inertia. The constitutive constants have been computed in the authors' earlier work (Liu and Su, 2009) . For convenience, a brief introduction to this method is attached in Appendix A of the present paper. Like other research work on cellular solids (Gibson and Ashby, 1997) , an average density was used as the effective density in this paper.
The effective micro-rotational inertia H was derived using an equivalent energy method similar to the determination of the effective constitutive constants in the early work of Liu and Su (2009) . For simplicity, cellular materials considered in this paper were of periodic repetitions of one basic centrosymmetric cell. As shown in Fig. 2 , only one unit cell having solid domain X s and boundary X s was taken out from the cellular solids as the representative volume element (RVE) with domain X and boundary X. In order to determine the effective micro-rotation inertia, assuming the RVE rotates about its centroid at angular velocity e x, thus the real kinetic energy of the RVE can be computed straightforwardly by Eq. (9).
where q s denotes the density of the solid material of the cellular solids and r the radius from the rotating center. Moreover, the kinetic energy of the RVE can also be obtained in following form if the cellular material is homogenized as some couple-stress continuum with effective density q and micro-rota-
In Eq. (10), the first term in the bracket denotes the rotational inertia (1/2) deduced by the classical properties while the second one is due to the couple-stress effects.
Thus the effective micro-rotation inertia H can be determined by T = T s .
Vibration analysis of couple-stress continuum
Beam model
The eigenpairs of the beam-like structure made of cellular solids can be calculated via proper beam theories based on the couplestress effective continuum model. Strictly, this beam model should contain both the shear and rotary effects, i.e., the Timoshenko beam. However, it has been shown that the shear effects are always more dominant than the rotary effects. Also, a shear beam containing only the additional shear effects may give reasonable results with less complexity than the Timoshenko beam (Han et al., 1999) . Therefore, the shear beam model was used to get the eigenpairs in this study. On the other hand, the shear beam model slightly overestimates the eigenfrequencies due to the neglect of the rotary effects. This problem is exacerbated for the eigenfrequencies of the higher modes (Han et al., 1999) .
It is assumed that the longitudinal axis of the beam is coincident with x-direction corresponding to Eq. (3). The flexural eigenfrequencies of a cantilever beam are expressed in the following equation due to the derivation of Han et al. (1999) . 
a and b are related by the equation
where the coefficient (c/s) depends on the shape and material properties of the beam and it is defined in Eq. (15). 
For a classical continuum, the flexural rigidity of a beam is given by Eq. (17). Hence, the first term of Eq. (16) denotes the classical bending rigidity and the second one the additional couple-stress bending rigidity.
The axial eigenfrequencies of a cantilever beam are given by Eq. (18) (Clough and Penzien, 1995) . 
Finite element formulation
The FEM is required for the vibration analysis of general structures made of cellular solids. A FEM formulations based on the discrete couple-stress technique (Su and Liu, 2010) was used in this study.
The principle of virtual work of couple-stress continuum is given by
Following the general FEM procedure (Zienkiewicz et al., 2005) , and discretizing the displacement and the rotation by proper shape functions (Su and Liu, 2010 , consistent with Appendix B of the present paper), the FEM formulation for the vibration analysis as the following generalized eigenvalue form can be obtained.
where K denotes the structural global stiffness matrix and M the global mass matrix; U denotes the vibrating mode, corresponding to the eigenfrequency x. K and M are assembled by the element stiffness matrix K e and the element mass matrix M e , respectively.
where e D denotes the generalized constitutive matrix, q the generalized density matrix, N the element shape function matrix and B the element strain-displacement matrix. For the orthotropic couplestress continuum the following definitions are given.
The generalized eigenvalue problem Eq. (20) can be solved by subspace iteration, Lanczos' method, Davidson's method, etc. (Bai et al., 2000) . In this paper, the eigenfrequencies were calculated via the subspace iteration method (HSL, 2011).
Numerical examples
In this section eigenfrequencies of three cantilever beam-like structures made of cellular solids were computed using the proposed effective continuum model to verify the present effective continuum model. The cellular solid structure with full FEM discretization on each cell was also studied to obtain an exact solution as a benchmark. All the solid materials were aluminum with density q s = 2.7 Â 10 3 kg/m 3 , Young's modulus E s = 69 GPa and Poisson's ratio m s = 0.33.
Example 1
A beam-like structure made of mix-triangular grid material is shown in Fig. 3 . The overall sizes of the structure were L = 100 mm and H = 10 mm. Each cell wall had a uniform thickness t and side length l; and the ratio t/l was assumed to be 1/10. Due to the periodicity, the areas and inertia moments of the cross-section of those cell walls coincident with the RVE edges were set to be half of the original values. In order to study the size-dependent behavior in the vibration analysis, ten cells with different side-lengths l are selected and tabulated in Table 1 .
The constitutive constants were computed using the method in Liu and Su (2009) . The effective density and micro-rotation inertia were determined in a closed form.
All these effective continuum mechanical constants for different cell sizes are tabulated in Table 1 . Among these parameters, C 11 , C 22 , C 12 , C 66 and q, denoting the classical effective constants, are independent of the cell size. D 11 , D 22 and H, denoting the additional couple-stress constants, are cell size-dependent. It can be seen from Table 1 that a decrease in cell size can lead to a reduction in these three size-dependent couple-stress parameters. If the cell size is small enough, the couple-stress constants will vanish and in turn the effective couple-stress continuum falls back into the classical continuum. In fact, size-dependence is the essential difference between the couple-stress effective model and the classical one.
Eigenfrequencies of the couple-stress effective continuum and the classical effective continuum were both obtained using the shear beam theory Eqs. (11) and (18). The difference between the couple-stress solutions and the classical ones lies in the flexural rigidity of beams Eqs. (16) and (17). Only the first five eigenfrequencies including four flexural modes and one axial mode were computed since the first few eigenpairs are important in vibration of engineering structures. For comparison, the exact and couplestress solutions are both normalized by the exact solutions (Fig. 4) . Note that the exact solutions and the couple-stress solutions both depend on the size ratio H/l strongly while the classical solutions are size independent for flexural modes (the first, second, fourth and fifth mode for the cellular structures). Therefore, the size dependent vibrating behavior of this beam-like cellular structure cannot be identified by the classical homogenization method. Also, the classical model tends to underestimate the eigenfrequencies when the size ratio H/l is small. The reason is that the classical model neglected the couple-stress effects as well as the material intrinsic bending stiffness. Hence, the classical model underestimates the structural bending stiffness and the corresponding eigenfrequencies. Nevertheless, with more layers of unit cell in thickness (larger H/l), the classical solutions tend to approach the couple-stress ones asymptotically. This trend of the classical effective model is close to the results presented earlier by Banerjee and Bhaskar (2009) . On the other hand, the eigenfrequencies obtained by the proposed couple-stress model are accurate for H/l = 1-10. This result indicates that the proposed couple-stress model can simulate the size-dependent vibration behavior for this cellular beam and capture the size effects of the dynamic effective properties of cellular solids. Characteristic lengths are usually used to illustrate the couplestress effects of materials. The effective couple-stress continuum in this example for any cell size holds l Ex = l Ey = l E because of the symmetry. The characteristic length l E with different cell sizes (by means of H/l E ) is also shown in Fig. 4 to identify the couple-stress effects on the accuracy of the effective continuum model. When the size ratio is large (H/l E > 20), the relative error between the couple-stress and the classical model is less than 3%. When the size ratio is larger (H/l E > 30), the relative error is less than 1%. Thus the characteristic length may be used to roughly determine if the couple-stress model should be used.
On the other hand, the couple-stress model tends to slightly over-predict the eigenfrequencies of the higher flexural modes since the shear beam theory neglects the rotary effect of a beam.
Note that the eigenfrequencies to the axial mode (the third mode for the cellular structure) show no size-dependent behavior. Thus the effective solutions, based on both the couple-stress theory and the classical theory, agree well with the exact solutions for different H/l.
Example 2
This example studied a beam-like structure consisting of one kind of periodic square unit cell which has a square void (Fig. 5) . The structure had an overall size L = 100 mm and H = 10 mm. The size ratio for the unit cell to the void was assumed to be l 1 /l = 0.443. Correspondingly, ten different cell size l and void size l 1 (Table 2 ) are selected to study the size-dependent behavior in vibration analysis.
The constitutive constants were also computed by using the formulation given in Appendix A. The effective density and micro-rotation inertia are expressed in the following closed form.
The effective continuum mechanical constants with different cell sizes are tabulated in Table 2 . As analyzed, the couple-stress bending modulus and the micro-moment inertia are dependent on cell sizes while the classical constants are size-independent.
The first five eigenfrequencies were computed via the shear beam theory based on both the couple-stress model and the classical model. Four flexural modes and one axial mode are included in these results and normalized by the corresponding exact solutions (Fig. 6) . Note that the third and the fourth eigenfrequency are close. Hence the modal shapes should be used to identify the order of eigenfrequencies from the discrete model.
Similar to the results of the previous example, the couple-stress solutions for flexural modes predict the size effects. However, the classical continuum model underestimates the eigenfrequencies when the size ratio H/l is small. As H/l increases, the classical solutions approach the corresponding couple-stress ones gradually. On the other hand, the couple-stress model abnormally over-predicts the third and fourth flexural eigenfrequencies when the size ratio H/l is small. And with the increasing H/l, it results in better agreement with the exact model. This departure is partially due to the neglect of the rotary effects in the shear beam model and partially due to a local vibration on the cell level that will be discussed in Section 5.
The influence of the couple-stress effects on the accuracies of the effective models are also identified by the size ratio of the structural dimension (thickness of beams) to the characteristic lengths l E of the couple-stress effective continuum (Fig. 6 ). When the size ratio H/l E is larger than 20, the relative error between the couple-stress model and the classical one is less than 3%; and when the size ratio H/l E is larger than 40, the relative error is less than 1%.
Again, it is found that the eigenfrequencies of the axial mode are nearly independent of cell size. Hence, the couple-stress effective model and the classical continuum model both indicate accurate results.
Example 3
A rectangular cantilever beam-like structure with a rectangular hole was studied in this example. The structure consisted of periodic square unit cell which has the same topology and shape with that in example 2 (Fig. 7) . The size ratio for the unit cell to the void was assumed to be l 1 /l = 0.443 and the cell size l was 10 mm. Several local dimensions of this structure were close to the cell size due to the sub-structure, the hole (Fig. 7(a) ).
The effective continuum constants had been calculated in the previous example (Table 2) . Different from the two previous examples, the effective solutions of eigenfrequencies based on both the couple-stress model and the classical continuum model were obtained via FEM since they are difficult to obtain from beam theories. In order to obtain the stable numerical results, three FEM meshes with different densities were used to solve the generalized eigenvalue problem of the cellular structure ( Fig. 7(a) ).
The first ten eigenfrequencies were computed and normalized by the corresponding exact solutions for easy comparison (Fig. 8) . As the mesh refines, the couple-stress solutions tend to converge toward the exact ones, which indicates the high accuracy of the effective continuum model. But the classical solutions depart from the exact ones for each mode except for the seventh eigenfrequency. Note that the seventh mode corresponds to an axial mode and shows no size-dependent behavior.
The influence of couple-stress effects is identified by the effective characteristic lengths. The characteristic lengths were computed as l Ex = l Ey = l E = 1.66 mm in this example. The ratio of the global structural dimension to the characteristic length l E is large enough (H/l E > 602). However, the ratio of the local structural dimension to the characteristic length is small (H/l E % 12). Hence, the classical model cannot simulate the local vibration on the sub-structure correctly. For convenience, the first five mode shapes are shown in Fig. 9 . Remarkable local vibrations near the hole are found. Furthermore, the local vibration is the primary part for the first and the third modes; thus, the accuracies of classical solutions corresponding to these two modes are even lower than the rest.
Discussion
The results from this study show that the present couple-stress effective continuum model can indicate the size-dependent behavior in vibration of beam-like cellular solid structures accurately. Note that the size effects are only found in the flexural vibrations (Figs. 4 and 6) . The cause of this result lies in the different influences of the heterogeneity of cellular solids on flexural vibrations and axial ones. In flexural vibrations, each unit cell in structure bends and the strain and deformation gradient occur. These gradients effects will be remarkable if the unit cell size is in a comparable order to the structural dimension; and they weaken gradually as the size ratio of structural dimension to cell size increases. Hence, size effects of structural macroscopic properties are found. The classical continuum theory neglects these gradient effects; thus, it cannot identify these size-dependent properties. However, the present couple-stress continuum model takes theses gradient effects into account by the introduction of couple-stress and material intrinsic bending stiffness. In fact, the structure bending rigidity of couple-stress continuum is also composed of two parts: the classical part due to the stretching stiffness and the additional couple-stress part due to cell's own bending stiffness (for example, the flexural rigidity of beams as Eq. (16)). Also, the couple-stress effects weaken gradually, and the couple-stress model falls back into the classical model as the size ratio of structural dimension to cell size increases. Note that in the axial vibration, each unit cell deforms axially and does not show any deformation gradients. Hence, treating the cellular solids as the classical continuum is also accurate in axial vibrations. However, bending deformation and the corresponding vibrating modes are usually the dominating factor in engineering structures; thus, the proposed couple-stress effective model is suitable for the vibration analysis of cellular solid structures. Since the structural local dimension is often in a comparable order with the cell size (for example , Fig.7) ; it is necessary to analyze the local size-dependent vibration of cellular solids. The proposed couple-stress effective model can be used to study this kind of local vibration in a continuum approach. On the other hand, it is observed that the couple-stress model tends to overestimate the eigenfrequencies for higher order flexural modes as shown in Figs. 4 and 6 . Also, the classical model seems to have better predictions with the exact ones for higher order modes. Besides the neglect of the rotary effects of the shear beam, these tendencies on prediction are because the local deformations and the local vibrating modes on cell members (such as the cell walls of grid material) become apparent at higher order flexural mode vibrations. In order to detect the local vibrations on the cell level, the first eight flexural mode shapes of the cellular beams made of square void solids (Fig.5) with H/l = 2 are shown in Fig.10 . All these modes are computed by a fully FEM model. Note that the local vibrations can be recognized from the third mode shape. Moreover, these local vibrations become remarkable gradually as the increase of mode order. However, these local vibrations are neither modeled in the couple-stress continuum method nor in the classical method. Hence both of the effective continuum models overestimate the stiffness of the real cellular structure. As a result, the couple-stress effective continuum model always obtains the overestimations on higher flexural modes. On the other hand, the classical continuum model neglects the material's intrinsic bending stiffness and predicts a lower structural bending stiffness. This lower stiffness prediction makes the classical results seem to agree better with the numerical values of the exact solution. This is in contrast to the exact solution compared with the couple-stress results (Fig.6(c) and (d)) where the actual results are in better agreement when H/l is greater than 2. Note that the ''better'' agreement of the classical results is only apparent. In fact, the mode shapes from the continuum model based on neither the classical theory nor the couple-stress theory show the local deformation on the cell level. The above analysis can also explain the large relative error between the couple-stress solutions and the corresponding exact solutions when H/l = 1 in example 2.
These local vibrations will be weakened rapidly as the size ratio of H/l increases. The cellular structure is composed of two types of cell members, the inner ones and the outer ones. The local vibrations are more remarkable on the outer members than on the inner ones ( Fig.10(e)-(h) ). The reason is that the inner cell members are constrained by each other and the neighboring members partially prevent their local deformation while the outer ones can deform more freely. Also, the deformation is always larger in the outer region (farther away from the neutral axial of a beam) than that in the inner region in a flexural mode. The percentage of outer cell member is large if the cellular beam has only one cell in its thickness. Hence, the local vibration on cell level is remarkable. However, as the ratio H/l increases, more cell members become internal and constrained, thus the local vibration is reduced gradually. In fact, the relative error between the couple-stress solution and the exact ones are considerably decreased (<3%) when H/l = 2. Therefore, the large error for H/l = 1 is actually a type of edge effects. On the other hand, we can also use the macroscopic dimension to the characteristic length H/l E to evaluate the influence of local vibrations on cell level. Here, we find that the local vibration on the cell level is weak if the H/l E is larger than 12.
This trend of the gradually dropping accuracy on eigenfrequencies of the continuum model with increasing mode order has also been summarized by Banerjee and Bhaskar (2009) on the vibration of grid material by a classical continuum model. They also found that the continuum model will finally break down if the order is high enough. Thus the continuum model is only adequate for the low order vibration analysis of cellular solids.
Conclusions
A couple-stress based effective continuum model has been proposed to investigate the free vibration of periodic cellular solid structures. A conventional FEM analysis by discretizing each cell of the cellular solids is carried out as an exact solution. Good agreement is found between predictions from this new effective continuum model and the exact solutions on the first several eigenfrequencies of the flexural vibrations for cellular solids. Thus, this new model indicates the size-dependent dynamic properties of cellular solids. However, the classical model is unable to capture these size-dependent dynamic properties and gives unreliable effective eigenfrequencies when the structural dimension is in a close order to the characteristic lengths of cellular solids. On the other hand, the effective axial dynamic properties of cellular solids show size-independence; hence both of the effective models obtain reliable solutions on axial mode eigenfrequencies.
The agreement between the effective solutions and the exact solutions on the eigenfrequencies of the cellular solids versus the size ratio of the structural dimension to the effective characteristic length of the effective couple-stress continuum is presented. It is found that the effective characteristic lengths can be used to approximately evaluate the applicability of effective continuum models on the vibration analysis of cellular solids. The examples show that when the size ration H/l E > 20, the relative error on eigenfrequencies from the couple-stress model and the classical model is less than 3%; and when H/l E > 30, the relative error is less than 1%. Here, the structural dimension should be the smallest size for a structure with local sub-structures. Also, the couple-stress model smoothly falls back into the classical model as the size ratio of the smallest structural dimension to the characteristic length increases.
The comparison between the effective solutions and the exact solutions on eigenfrequencies with different mode orders are also presented. Very good agreement of the fundamental eigenfrequencies is found between the couple-stress solutions and the exact solutions. However, the effective solutions tend to overestimate the flexural eigenfrequencies as mode order increases. This trend is attributed to the increasing local vibration modes on the cell level that are considered in neither the couple-stress model nor the classical model. Hence, the present model only fits the cellular solid structures deforming or vibrating in a continuous mode and is only adequate for the first several eigenfrequencies. Since the first several eigenfrequencies are important for most engineering applications, this method might be useful in vibration analysis of cellular solid structures. More detailed introduction and examples should be found in reference (Liu and Su, 2009 ). where N i is the 4-node Lagrange interpolating function and a is an undetermined coefficient. a is determined if we assume that Eq. (6) holds only at the center of an element. ðA:22Þ
Discretizing the generalized mass field by the same shape functions, one can get the element stiffness and mass matrix Eqs. (21) and (22).
